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Exploiting quantum parallelism of entanglement for a complete experimental quantum
characterization of a single-qubit device
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We present the full experimental quantum tomographic characterization of a single-qubit device achieved
with a single entangled input state. The entangled input state plays the role of all possible input states in
guantum parallel on the tested device. The method can be trivially extended to-caryit device by just
replicating the whole experimental setaogimes.
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The new field of quantum informatiofil] has recently given outcomg Therefore, apart from a normalization fac-
opened the way to realize radically new processing devicegor, the quantum evolution is always linear, with the quantum
with the possibility of tremendous speedups of complexoperation playing the role of the so-callgdnsfer matrixof
computational tasks, and of cryptographic communicationshe device, a mathematical tool very popular in optics and
guaranteed by the laws of physics. Among the many probelectrical engineering.
lems posed by the new information technology, there is the Now the problem is: how to reconstruct the form Bf
need of making a complete experimental characterization oéxperimentally? Sincg& is essentially a transfer matrix for a
the functioning of the new quantum devices. As shown redinear system, one would be tempted to adopt the conven-
cently in Ref.[2], quantum mechanics provides us with thetional method of running aorthogonal basign) of inputs
perfect tool to achieve the task easily and efficiently: this isand measuring the corresponding outputgbgntum tomog-
the so-calledquantum entanglementhe basis of the quan- raphy[4]. However, since states are actually operators—not
tum parallelism of future computers. In this paper, wevectors—as a consequence of the polarization identity in or-
present the full experimental quantum characterization of aer to get all off-diagonalcompleXy matrix elements of the
single-qubit device, based on this method. Since the methostate, one actually needs to run not the basis itself, but all the
can be easily extended to amyqubit device, the present linear combinations of its vectors 2(|n")+ k|n")), with
experiment represents a test of the feasibility and of the exx=+1,*i. In the following we will call such sets of states
perimental limits of the new general tomographic method. faithful, since they are sufficient to make a complete tomog-

How we characterize the operation of a device? In quanraphy of a quantum operation. This method is essentially the
tum mechanics, the evolution of the state is completely deguantum process tomograplyjven in Ref.[1], which was
scribed by the so-calleguantum operatiofi3] of the device, experimentally demonstrated in nuclear-magnetic resonance
which here we will denote b¥e. More precisely, the output NMR [5] and recently in quantum opti¢6]. The main prob-
statep,,; is given by the quantum operati&applied to the lem with such method is the fact that in most practical situ-
input statep;, as follows ations, faithful sets of input states are not feasible in the lab.

For example, for continuous-variables process tomography
_ E(pin) 1 in the Fock representation, the stafe$) and|n”) would be
Pout™ T E(pin)]’ ) photon number states, and achieving their superpositions will
remain a dream for experimentalists for many years. But here
The normalization constant [ (p;,)] in Eq. (1) is also the  the quantum parallelisnof entanglement comes to help us,
probability of occurrence of the transformatigi(e.g., when  with a single-input entangled state that is equivalent to run-
there are other possible alternatives, such as when we coning all possible input states in paral[@]. Thus, we do not
sider the state transformation due to a measuring device forgeed to prepare a complete set of states, but just a single
entangled one, a state commonly available in any modern
quantum optical laboratory.
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FIG. 1. General experimental scheme of the method for the Dh
tomographic estimation of the quantum operat®rof a single- PBS

qubit device. Two identical quantum systems—two optical beams in FIG. 2. Pauli-matri t tus f hot
the present experiment—are prepared in an entangled |dtale - - Faul-malrixo, measurement apparatus for photon-

One of the two systems undergoes the quantum operdfion polarization qubits inserted at the end of each optical beam. The

whereas the other is left untouched. At the output one makes Qeam is split by a polarizing beam splité?BS into its horizontal

quantum tomographic estimation, by measuring jointly two observ-and vertical components, which are separately detected and re-

ables(each for each beanfrom a quorum{Q(I)}. In the present corded with a plus and minus sign, respectively. For measuring the

experiment, the quorum is represented by the set of Pauli operatof”éher two _Paull matricewy and oy, the PBS IS preceded by a
oy, 0y, ando,. suitably oriented\/2 and\/4 wave plate, respectivelisee text

i t
In our optical implementation the entangled systems consisinere|2) denotes the electromagnetic vacuum, &nd

of two single-mode optical beams, and the Hilbert space j@ndv, v the annihilation and creation operators of the hori-
two dimensional, since we will consider only single-photonzoma"y and vertically polarized modes associated with a
P ;ixed wave vectok, respectively. In synthesis, E@l) means

that the “logical zero” is encoded on a single horizontally
polarized photon, whereas the “logical one” is encoded on a
vertically polarized photon. In the present representation, the
Pauli matrices are written as follows:

that only one of the two systems is an input into timknown
transformationE, whereas the other is left untouched, as in
Fig. 1. This setup leads to the output st&g,;, which in
tensor notation writes as follows:
Rou=E@ ([ W))((¥]), @ ot gsitiei, =it

wherel denotes the identical operation. It is a result of “nearAccording to Eq. (5), the o, photodetector is simply

algebra thatr,,; is in one-to-one correspondence with the
quantum operatiof, as long as the state)) is full rank,
i.e., its matrixW is invertible. This is the case of a so-called

maximally entanglecstate, where the matri¥’ is propor- iy of pauli matrices is completed by including the “iden-
tional to a unitary one. Full-rank entangled states can b‘ﬁty“ oo=h'h+0v'v, corresponding to single-photon states.

easily generated by spontaneous parametric dOWN, e following, we use the popular relativistic conventions,
conversion of vacuum, as in the experiment reported here . - -
éjenotmg by o the three-vector of operatorso

Note that even when a faithful set of input states is availabl

in the lab—which is actually true in our case of single- =(01,02,05) and by o the four-vector o
photon-polarization states—nevertheless, a single faithful (70:91,02,03), and use Greek indices for three-vector
entangled state can be much more efficient and more pracffomponentst=1,2,3 (or a=x.y,z), and Latin indices for
cal. As a matter of fact, in practice, generation of single-Ur-vector components=0,1,2,3. _
photon-polarization states relies anyway on entanglement, A Wave plate changes the two radiation modes according
and, as we will see in the following, the present method use® the matrix transformation

all experimental data much more efficiently than the conven-

achieved as in Fig. 2.
In order to understand how to design detectorsofpand
oy, We still need some simple algebra for wave plates. The

tional quantum process tqmographyﬁ]. h W, H{h , (6)
Now, how to characterize the entangled statgRit the v “lu

output? For this purpose, a technique for the full determina-

tion of the quantum state has been introduced and develop&éhere the matrixy, , is given by

since 1994. The method named quantum tomographkias

been initially introduced for the state of a single mode of W zZy ez Sz @

radiation, the so-calledomodyne tomographwnd thereaf- T g7 z,—cz_|

ter it has been generalized to any quantum system. The basis
of the method is the measurement of a suitably complete setheres=sin 26, c=cos ¥, z. =1(1=e'?), 6 is the wave-
of observables calledquorum In our case, we need to mea- plate orientation angle around the wave vector ¢
sure jointly two quora of observables on the entangled qubit=276/\, \ is the wave length, and is the length of the
here the quorum being the Pauli matriegs, oy, o,. The  optical path through the plate. Special cases are thavave
qubit is encoded on polarization of single photons as followsplate that can be used with= /4 to give the rightc, and

. . left c¢_ circularly polarized modesc.=¢e ™2 Y%(+h

|0y=hTQ), [1)=vT]Q), (4)  +iv), and thex/2 wave plate that can be used to give the
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diagonal linearly polarized modes. =2~ Y4 h+v). On the With the above apparatus, we want now to experimentally
Pauli operator vectotr, the mode transformation due to a determine the matrix elements of the stale)) in Eq. (2).
wave plate is From the trivial identity

5’—>R¢’9(;', (8) (nm|\If>>=\an, (13)
with rotation matrix we obtain the matri®¥',,, for the input statesn terms of the

following ensemble averages:
s?+c%cos¢p —ccos¢ sc(l—cose)

Ryo=| Csing cos¢ —ssing | o o (|01 nm[W)) 12
sc(1—cos¢) ssing  c?+s?cosd " V((P[02)(01W))
€)

where expip)=¥,,/| ¥ ;| is an unmeasurable phase factor.
From Eq.(9) we can see that a, detector can be obtained The choice of the vectoj01) is arbitrary, and it is needed
by preceding ther, detector with ax/2 wave plate oriented only for the sake of normalization, e.g., we could have used
at = m/8, whereas ar, detector is obtained by preceding |10) or |11), instead. Using theomographic expansioaver
the o, detector with ar/4 wave plate oriented a=m/4.  the four Pauli matrice$4], we see that, via Eq(12), the
When collecting data at &, detector, we will denote by matrix element of the input state is obtained from the follow-
s,= =1 the corresponding random outcorsg=+1 corre-  ing experimental averages:
sponding to theh-detector flashing, and,=—1 to the
v-detector flashing. The general experimental setup is then 1
given by two Pauli detectors—for measuring and o for Vo=— Qinimsi(l)sj(z), 13
varying « and g —at the output of the entangled beams, as in 4p
Fig. 1. The experimental data are collected in coincidence,
with two of the four photodetector firings, one for each Pauliwhere
detector, thus guaranteeing that the result will be essentially
unaffected by quantum efficiency. The experimental correla- _ — 111Dy (1_g@
tions sVs(? of the random outcomes™ of the detector at P={CPIOBOYM)=2(1+ 7157 (14
the nth beam (=1,2) on the entangled statd’)) must
coincide with the following theoretical expectations:

is the fraction of events with one,-detector firing orh and
the other orv, and the matrbQ},, is given by

(1)g(2) = g 52 = + *
s =V |(o; 0| ) =TV V'], .
L ' . Y (10) Qam=(n|i|0)(m|o|1). (15)
The unitary matrixU,,, of the device is now obtained
and, obviously,gimz SiEISSOZZB and STFFESOMSSEZS. For maxi- With the same averaging as above, but now for the state at

mally entangled states we have the isotropy condiggn N output of the devicfUW))=(U®1)|¥)), namely,

=335=0 for a=xy,z. The four Bell states will correspond (UW]01(nmWUY)
to the four Pauli matrices; via a state coefficients matrik (UW),,=e? ,
given byW¥ = (1/\/§)ch- . On the other hand, when a quantum V(UW[01)(01 ¥ U))
device performing the unitary transformatibhis inserted in

one of the two entangled beams as in Fig. 1, the entangleghere we use again Eqdl4) and(15), but now the average
state|V)) is changed tdJ®1|¥)), which corresponds to expressed by Eq(12) is carried out over the output state
the new coefficients matri®’ —UW. In our laboratory we |UW)). The (compley matrix elementsU,,, are obtained
used the “triplet” state corresponding # =, /2, which  from Eqg. (16) by matrix inversion. This is, of course, pos-

is generated via spontaneous parametric down-conversion Byble since the matris¥ is invertible, due to the maximally

an optical parametric amplifier physically consisting of aentangled character ¢¥)).

nonlinear BBO ([3-barium-borate crystal plate, 1.5 mm An experimental demonstration of the tomographic
thick, cut for type-Il phase matching and excited by a pulsednethod is given in Figs. 3 and 4, where both teal and
mode-locked ultraviolet laser UV having pulse duration imaginary partsof the four measured matrix elements of the
=140 fsec and wavelength,=397.5 nm. The wavelength unitary operatoiU of the analyzed device are reported for
of the emitted photons is=795 nm. The measurement ap- two different devices, and compared with the theoretical val-
paratus consisted of two equal polarizing beam splitters witlues. As an see, the experimental results are in very good
output modes coupled to four equal Si-avalanche photodeteagreement with theory, within experimental errors. As a first
tors SPCM-AQR14 with quantum efficiencies @B.42.  experimental demonstration we have considered only unitary
The beams exciting the detectors are filtered by equal intedevices, however, it is clear that the method works for non-
ference filters within a bandwidtAN =3 nm. The detector unitary devices as well. It is also obvious that the method can
outputs are finally analyzed by a computer. be used to characterize qubit devices—e.g., a controlled-

(16)
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FIG. 3. Experimental characterization of a single optical wave FIG. 4. The same experimental characterization as in Fig. 3,
plate with retardation phasg=0.457 and orientation angle of the here for a device made of a series of two optical wave plates: a
optical axis with respect to the laboratory horizontal directtbn wave plate with¢p=0.457 and = —0.1387 followed by another
=—0.1387. The experimental matrix elements,, of the wave  wave plate with¢ =7 and §=+0.297.
plate are superimposed to statistical errors for 8000 events, and

compared with the theoretical values. mally entangled one by an invertible mggJ. Unfortunately,

for the twin-beam homodyne tomography], faithfulness
equires the knowledge of the phase of the pump relative to
he local oscillator—a feasible but difficult experimental
ask—whereas in the present experiment the form of the en-
angled input state is completely under control, being deter-
mined only by the orientation of the nonlinear crystal with
respect to the pump wave vector and polarization.

In conclusion, we have given the demonstration of a new
tomographic method which allows us to perform a complete
8haracterization of any quantum device, exploiting the intrin-
sic parallelism of quantum entanglement, with a single en-
tangled state playing the role of all possible input states in
quantum parallel. The method works for any generally non-

itary multiqubit device, and is particularly reliable in the

NOT gate—in which case we just need to multiply bythe
whole setup, by providing an input entangled state and tw
Pauli detectors for each qubit of the device, with the full
guantum characterization of the device obtained by a joini
tomography on all output entangled pairs. It is clear that th
precision of the method will not depend on the particular
tested device—whether it is unitary or not—and will also be
independent of the number of qubits. What makes th
method particularly reliable in the present single-photon
polarization encoding is the fact that all measurements ar
performed in coincidence, making the effect of nonunit
qguantum efficiency of detectors negligible, and effectively
purifying the input entangled state. In a different context—
e.g., for continuous variables, such as homodyne tomograp . o )
of twin beams[7}—quantum efficiency and entanglement resent context of single-photon-polarization encoding of the
purity will actually affect the final result: however, the quan- qubit.

tum tomographic reconstruction can handle all these kinds of

detection noises below some threshold$, and a mixed This work has been supported by the FET European Net-
input state in place of¥)) works well (but less efficiently ~ work on QIC (Contract No. IST-2000-29681-ATES)Tand

as long as the state faithful, namely, it is related to a maxi- the INFM Grant No. PRA 2001 CLON.
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