
The Galileo principle for general dynamical systems:  
Lorentz transformations from Quantum Theory  
and a little bit more

Giacomo Mauro D'Ariano 

Università degli Studi di Pavia

Frascati Labs
Training school: Are spin-statistics connection and quantum theory exact? … 
19-21 December 2016

Project: Quantum Causal Structures, ID 60609 

(homogeneity, isotropy, and locality)



New algorithmic paradigm: 
the physical law as an algorithm

Old mechanistic paradigm: 
the physical law as a mechanism



Why?

Physics without physics?! 
How?

PARADIGM: ALGORITHMIC 
(instead of mechanistic) 

Axiomatization
Solving the logical 
clash between GR 

and QFT 

Solving logical 
problems inside 

QFT

Axiomatize GR 
itself

Why?

Planck scale

Physical 
units

Algorithm 
simplicity

Free 
QFT

Quantum 
Theory

Unitarity

ConventionalismTheory 
Falsifiability

New scientific 
method



PARADIGM: ALGORITHMIC 
(instead of mechanistic) 

Why?

Axiomatization



The information-theoretic paradigm

The first opportunity of solving  
the problem of axiomatization of physics

The VI Hilbert problem

The investigations on the foundations of geometry suggest 
the problem: To treat in the same manner by means of 
axioms, those physical sciences in which mathematics 
plays an important part; in the first rank are the theory of 
probabilities and mechanics.

David Hilbert



The information-theoretic paradigm

The first opportunity of solving  
the problem of axiomatization of physics

The VI Hilbert problem

Axiomatizing the theory of probabilities 
was a realistic goal: Kolmogorov 
accomplished this in 1933. The word 
‘mechanics’ wi thout a qual ifier, 
however, is a Trojan horse.” 

Benjamin Yandell



The information-theoretic paradigm

The first opportunity of solving  
the problem of axiomatization of physics

The VI Hilbert problem
physical primitives: mass, force, rods, clocks,…

PROGRAM 

Derive Physics 

from “principles” stated in form of purely mathematical 
axioms without physical primitives, 

but having a thorough physical interpretation
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High-energy/short-distance 
correspondence breakdown

• Colliding two particles at Planck 
energy (.54MWh) produces a 
black hole!

• A particle with a too large mass 
(2.18*10-5 g) becomes a black 
hole!

• GR-QFT patching: Planck scale
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High-energy/short-distance 
correspondence breakdown

• Colliding two particles at Planck 
energy (.54MWh) produces a 
black hole!

• A particle with a too large mass 
(2.18*10-5 g) becomes a black 
hole!

• GR-QFT patching: Planck scale

The information paradox
QT preserves information! 
Do black hole preserve it?

Solution: Holographic principle?

1 bit of information on 
every .724*10-65 cm2

Causality paradox
Pre-established (QT) vs dynamical (GR) causality
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Localization issue in QFT



what is real?
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Physicists routinely describe the universe as 
being made of tiny subatomic particles that 
push and pull on one another by means of 
force fields. They call their subject “particle 
physics” and their instruments “particle accel-
erators.” They hew to a Lego-like model of the 
world. But this view sweeps a little-known 
fact under the rug: the particle interpretation 
of quantum physics, as well as the field inter-
pretation, stretches our conventional notions 
of “particle” and “field” to such an extent that 
ever more people think the world might be 
made of something else entirely.

The problem is not that physicists lack a valid theory of the 
subatomic realm. They do have one: it is called quantum field the-
ory. Theorists developed it between the late 1920s and early 1950s 
by merging the earlier theory of quantum mechanics with Ein-
stein’s special theory of relativity. Quantum field theory provides 
the conceptual underpinnings of the Standard Model of particle 
physics, which describes the fundamental building blocks of mat-
ter and their interactions in one common framework. In terms of 
empirical precision, it is the most successful theory in the history 
of science. Physicists use it every day to calculate the aftermath of 
particle collisions, the synthesis of matter in the big bang, the ex-
treme conditions inside atomic nuclei, and much besides.

So it may come as a surprise that physicists are not even sure 
what the theory says—what its “ontology,” or basic physical pic-
ture, is. This confusion is separate from the much discussed mys-
teries of quantum mechanics, such as whether a cat in a sealed 
box can be both alive and dead at the same time. The unsettled 
interpretation of quantum field theory is hobbling progress to-
ward probing whatever physics lies beyond the Standard Model, 
such as string theory. It is perilous to formulate a new theory 
when we do not understand the theory we already have.

At first glance, the content of the Standard Model appears 
obvious. It consists, first, of groups of elementary particles, 
such as quarks and electrons, and, second, of four types of force 
fields, which mediate the interactions among those particles. 
This picture appears on classroom walls and in Scientific Amer-

I N  B R I E F

It stands to reason that particle physics is about par-
ticles, and most people have a mental image of little 
billiard balls caroming around space. Yet the concept 
of “particle” falls apart on closer inspection.

Many physicists think that particles are not things at 
D¨¨�Uùï�yā`�ïDï�¹´å��´�D�ÕùD´ïù®��y¨mj�ï�y�®¹myà´�åù`-
`yåå¹à�¹��̀ ¨Dåå�`D¨��y¨må�åù`��Då�ï�y�®D�´yï�`��y¨mÎ�
ùï�
�y¨måj�ï¹¹j�Dày�ÈDàDm¹ā�`D¨Î

���´y�ï�yà�ÈDàï�`¨yå�´¹à��y¨må�are fundamental, then 
what is? Some researchers think that the world, at 
root, does not consist of material things but of rela-
tions or of properties, such as mass, charge and spin. 

Meinard Kuhlmann, a philosophy professor at Bielefeld 
University in Germany, received dual degrees in physics and 
in philosophy and has worked at the universities of Oxford, 
Chicago and Pittsburgh. As a student, he had an inquisitive 
reputation. “I would ask a lot of questions just for fun and 
because they produced an entertaining confusion,” he says.

ican articles. However compelling it might appear, it is not at 
all satisfactory.

For starters, the two categories blur together. Quantum field 
theory assigns a field to each type of elementary particle, so 
there is an electron field as surely as there is an electron. At the 
same time, the force fields are quantized rather than continu-
ous, which gives rise to particles such as the photon. So the dis-
tinction between particles and fields appears to be artificial, and 
physicists often speak as if one or the other is more fundamen-
tal. Debate has swirled over this point—over whether quantum 
field theory is ultimately about particles or about fields. It start-
ed as a battle of titans, with eminent physicists and philoso-
phers on both sides. Even today both concepts are still in use for 
illustrative purposes, although most physicists would admit 
that the classical conceptions do not match what the theory 
says. If the mental images conjured up by the words “particle” 
and “field” do not match what the theory says, physicists and 
philosophers must figure out what to put in their place.

With the two standard, classical options gridlocked, some phi-
losophers of physics have been formulating more radical alterna-
tives. They suggest that the most basic constituents of the materi-
al world are intangible entities such as relations or properties. 
One particularly radical idea is that everything can be reduced to 
intangibles alone, without any reference to individual things. It is 
a counterintuitive and revolutionary idea, but some argue that 
physics is forcing it on us.

 THE TROUBLE WITH PARTICLES
WHEN MOST PEOPLE, including experts, think of subatomic reality, 
they imagine particles that behave like little billiard balls re-
bounding off one another. But this notion of particles is a hold-
over of a worldview that dates to the ancient Greek atomists and 
reached its pinnacle in the theories of Isaac Newton. Several over-
lapping lines of thought make it clear that the core units of quan-
tum field theory do not behave like billiard balls at all.

First, the classical concept of a particle implies something 
that exists in a certain location. But the “particles” of quantum 
field theory do not have well-defined locations: a particle inside 

© 2013 Scientific American

what is real?
Physicists speak of the world as being made of 
particles and force fields, but it is not at all clear 
what particles and force fields actually are in the 
quantum realm. The world may instead consist  
of bundles of properties, such as color and shape

By Meinard Kuhlmann

August 2013, ScientificAmerican.com 33Photographs by Travis Rathbone
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We derive quantum theory from purely informational principles. Five elementary axioms—causality, perfect
distinguishability, ideal compression, local distinguishability, and pure conditioning—define a broad class of
theories of information processing that can be regarded as standard. One postulate—purification—singles out
quantum theory within this class.
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I. INTRODUCTION

More than 80 years after its formulation, quantum theory
is still mysterious. The theory has a solid mathematical foun-
dation, addressed by Hilbert, von Neumann, and Nordheim
in 1928 [1] and brought to completion in the monumental
work by von Neumann [2]. However, this formulation is based
on the abstract framework of Hilbert spaces and self-adjoint
operators, which, to say the least, are far from having an
intuitive physical meaning. For example, the postulate stating
that the pure states of a physical system are represented by
unit vectors in a suitable Hilbert space appears as rather
artificial: which are the physical laws that lead to this very
specific choice of mathematical representation? The problem
with the standard textbook formulations of quantum theory
is that the postulates therein impose particular mathematical
structures without providing any fundamental reason for this
choice: the mathematics of Hilbert spaces is adopted without
further questioning as a prescription that “works well” when
used as a black box to produce experimental predictions. In
a satisfactory axiomatization of quantum theory, instead, the
mathematical structures of Hilbert spaces (or C* algebras)
should emerge as consequences of physically meaningful
postulates, that is, postulates formulated exclusively in the
language of physics: this language refers to notions like
physical system, experiment, or physical process and not to
notions like Hilbert space, self-adjoint operator, or unitary
operator. Note that any serious axiomatization has to be based
on postulates that can be precisely translated in mathematical
terms. However, the point with the present status of quantum
theory is that there are postulates that have a precise mathe-
matical statement, but cannot be translated back into language
of physics. Those are the postulates that one would like to
avoid.

The need for a deeper understanding of quantum the-
ory in terms of fundamental principles was clear since

*gchiribella@perimeterinstitute.ca
†http://www.perimeterinstitute.ca
‡dariano@unipv.it
§paolo.perinotti@unipv.it
∥http://www.qubit.it

the very beginning. Von Neumann himself expressed his
dissatisfaction with his mathematical formulation of quan-
tum theory with the surprising words “I don’t believe in
Hilbert space anymore,” reported by Birkhoff in [3]. Re-
alizing the physical relevance of the axiomatization prob-
lem, Birkhoff and von Neumann made an attempt to un-
derstand quantum theory as a new form of logic [4]:
the key idea was that propositions about the physical world
must be treated in a suitable logical framework, different from
classical logics, where the operations AND and OR are no longer
distributive. This work inaugurated the tradition of quantum
logics, which led to several attempts to axiomatize quantum
theory, notably by Mackey [5] and Jauch and Piron [6] (see
Ref. [7] for a review on the more recent progresses of quantum
logics). In general, a certain degree of technicality, mainly
related to the emphasis on infinite-dimensional systems, makes
these results far from providing a clear-cut description of
quantum theory in terms of fundamental principles. Later
Ludwig initiated an axiomatization program [8] adopting an
operational approach, where the basic notions are those of
preparation devices and measuring devices and the postulates
specify how preparations and measurements combine to give
the probabilities of experimental outcomes. However, despite
the original intent, Ludwig’s axiomatization did not succeed
in deriving Hilbert spaces from purely operational notions, as
some of the postulates still contained mathematical notions
with no operational interpretation.

More recently, the rise of quantum information science
moved the emphasis from logics to information processing.
The new field clearly showed that the mathematical principles
of quantum theory imply an enormous amount of information-
theoretic consequences, such as the no-cloning theorem [9,10],
the possibility of teleportation [11], secure key distribution
[12–14], or of factoring numbers in polynomial time [15]. The
natural question is whether the implication can be reversed: is
it possible to retrieve quantum theory from a set of purely
informational principles? Another contribution of quantum
information has been to shift the emphasis to finite dimensional
systems, which allow for a simpler treatment but still possess
all the remarkable quantum features. In a sense, the study
of finite dimensional systems allows one to decouple the

012311-11050-2947/2011/84(1)/012311(39) ©2011 American Physical Society
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“An extraordinary book on the deep principles behind quantum theory.” 

NICOLAS GISIN, UNIVERSITY OF GENEVA

“Part quantum mechanics textbook, part original re
search contrib

ution, th
is book is 

a fascinating, audacious effort to
 ‘re

build quantum mechanics fro
m the ground up,’ 

presenting it a
s the logical consequence of simple inform

ation-theoretic postulates.  

Students wishing to learn quantum inform
ation should read it a

nd do all th
e exercises!” 

SCOTT AARONSON, M
IT 

Quantum theory is the soul of th
eoretical physics. It 

is not ju
st a theory of specific physical systems, 

but rather a new framework with universal applicability
. This book shows how we can reconstruct th

e 

theory fro
m six inform

ation-th
eoretical principles, by rebuilding the quantum rules fro

m the bottom 

up. Step by step, th
e reader w

ill l
earn how to master th

e counterintuitiv
e aspects of th

e quantum 

world, and how to efficiently reconstruct quantum inform
ation protocols fro

m first principles. Using 

intuitiv
e graphical notation to represent equations, and with shorter and more efficient derivations, th

e 

theory can be understood and assimilated with exceptional ease. Offering a radically new perspective 

on the field, th
e book contains an efficient course of quantum theory and quantum inform

ation for 

undergraduates. The book is aimed at re
searchers, professionals, students in physics, computer 

science and philosophy, a
s well a

s the curious outsider seeking a deeper understanding of th
e theory.
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But now how to derive the “mechanics”, 
namely: quantum field theory,  

special relativity, … 
without using physical primitives,  

mechanics, kinematics, space, time,…?

For example: how would you formulate the 
principle of relativity in algorithmic terms?



Algorithm    discreteness!

discrete continuum



“But you have correctly grasped the drawback 
that the continuum brings. If the molecular 
view of matter is the correct (appropriate) one, 
i.e., if a part of the universe is to be 
represented by a finite number of moving 
points, then the continuum of the present 
theory contains too great a manifold of 
possibilities. I also believe that this too great is 
responsible for the fact that our present means 
of description miscarry with the quantum 
theory. The problem seems to me how one can 
formulate statements about a discontinuum 
without calling upon a continuum (space-time) 
as an aid; the latter should be banned from the 
theory as a supplementary construction not 
justified by the essence of the problem, which 
corresponds to nothing “real”. But we still lack 
the mathematical structure unfortunately. How 
much have I already plagued myself in this 
way!”

John Stachel in From Quarks to Quasars: Philosophical Problems 
of Modern Physics, University of Pittsburg Press, pag. 379



A new mathematics: geometric group theory

The geometrization of group theory

Mikhail Gromov
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Unitarity + isotropy ⇒ for d=3 the only Cayley is the BCC!!

☞ Minimal dimension for nontrivial unitary A: s=2

The Weyl QW
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D'Ariano, Perinotti, 
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Physical interpretation: Weyl equation

Two QCAs 
connected 

by P

sα = sin
kα
√

3

cα = cos
kα
√

3

D'Ariano, Perinotti, 
PRA 90 062106 (2014)
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We got it!

D'Ariano, Perinotti, 
PRA 90 062106 (2014)

Bisio, D'Ariano, Perinotti,  
Ann. Phys. 368  177 (2016) 
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mass:       0.008
sigma:      36
x0:         [256,256,256]
k0:         [0.05,0.05,0.05]
spinor:     ["Exp[I k0.#]",0,0,"Exp[I k0.#]"]
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Figure 6. Evolution for the mean position according to the Dirac QW in 3 + 1 dimensions for t = 200
time-steps of particle states having both a particle and an antiparticle component, as defined in Eq. (59).
Here the states are Gaussian with parameters: mass m = 0.3, mean wave-vector k

0 = (0, 0.01p, 0),
width si = s = 32�1 for i = x, y, z; the spinor components in the walk eigenbasis are (1/

p
2, 0, 1/

p
2, 0),

with the first two components corresponding to the positive energy part and the second two to the
negative one; time evolution from left to right.

Remark 1 (Newton-Wigner position operator evolution). As in QFT, one can define the Newton-Wigner
position operator XNW which does not mix states with positive and negative eigenvalues. Given
the operator WFW providing the Foldy-Wouthuysen representation of the Dirac walk, namely the
representation in which the Hamiltonian H(k) is diagonal

WFW =
Z

B
dk |kihk|⌦ WFW(k), WFW(k) : {|ni} ! {|ui

k

}, (60)

W�1
FW(k)H(k)WFW(k) = diag(w

k

, w
k

,�w
k

,�w
k

), (61)

the Newton-Wigner rotated position operator is defined as

XNW = W�1
FWXWFW. (62)

As in the usual QFT the Newton-Wigner position operator (62) does not suffer the jittering of the mean
position even for states having both a particle and an antiparticle component. Indeed, in this case, the
velocity operator

VNW(t) = i[H, XNW(t)], V(k) = V̂(k), (63)

corresponds to the classical component of the velocity operator in Eq. (52) and leads to a null
acceleration A(t) = i[H, VNW(t)] = 0. By integrating (63) we see that the time evolution of the
Newton-Wigner position operator XNW(t) is simply

XNW(t) = XNW(0) + V̂t. (64)
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The theory contains its own LTM standards

}
from the 
relativistic limit

x =
x[m]

a∗
∈ Z, t =

t[sec]
t∗

∈ N, m =
m[kg]

m∗
∈ [0, 1]

m∗ ≃ 1√
3π

!k
c(k)− c(0)

! = m∗a∗c

c ≡ c(0) =
a∗
t∗

m∗

Heuristic argument of the mini-black-hole:

Planck mass
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Fidelity of the quantum walk with QFT
Fidelity with Dirac for a narrowband packets  in the relativistic limit k ≃ m ≪ 1

N ≃ m
−3

= 2.2 ∗ 10
57 t = 1.2 ∗ 10

14
s = 3.7 ∗ 10

6relativistic proton: y⇒

5 ∗ 10
−28k = 10

−8
≫ mUHECRs: N ≃ k

−2
= 10

16 s⇒ ⇒

F = |⟨exp [−iN∆(k)]⟩|

∆(k) := (m2 + k
2

3
)
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2
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E(k)

+O(k4 +N
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2)=
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3kxkykz
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3
)
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−
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D'Ariano, Perinotti, PRA 90 062106 (2014)



Special relativity 
translated into  

quantum-algorithmic terms



Special Relativity from Quantum theory

Inertial frame: a reference frame where the Newton inertia law holds for a 
mechanically isolated system

Relativity Principle: Invariance of the dynamical law with the inertial frame

Maxwell 
equations

Einstein Special Relativity

Poincaré group: group of changes of inertial frame that leave the dynamical law 
invariant.



Special Relativity from Quantum theory

Relativity Principle: Invariance of the dynamical law with the inertial frame

Inertial frame: a reference frame where energy and momentum are conserved 
for a mechanically isolated system.

Poincaré group: group of changes of inertial frame that leave the dynamical law 
invariant.



Special Relativity from Quantum theory

Relativity Principle: Invariance of the dynamical law with the inertial frame

Inertial frame: Representation of the dynamical law for given values of the 
constants of motion for an isolated system.

Poincaré group: group of changes of inertial frame that leave the dynamical law 
invariant.

Dynamical law: expressed in terms of the values of the constants of motion.

good for any dynam
ical system

!



Special Relativity from Quantum theory

Relativity Principle: Invariance of the dynamical law with the inertial frame

Inertial frame: Representation of the physical law in terms of eigenspaces of 
the constants of the dynamics k := (ω,k)

Poincaré group: group of changes of representations in terms of eigenspaces 
of the constants of dynamics that leave the eigenvalue equation invariant.

Q
uantum

 W
alks

Dynamical law: eigenvalue equation

Akψ(k,ω) = eiωψ(k,ω)



•Mathematical statement:  
invariance of eigenvalue equation under change of representation. 

•Physical interpretation:  
invariance of the physical law under change of inertial reference frame. 

Special Relativity from Quantum theory

A. Bisio, G. M. D'Ariano, P. Perinotti, 
Phys. Rev. A 94, 042120 (2016)

•m=0 
i.Deformed Lorentz group SO(1,3)
ii.Lorentz transformations are perfectly recovered for k,m≪1
iii. For k~1: Double Special Relativity (Camelia-Smolin) [Relative locality]Quantum Walks, Weyl equation and the Lorentz group 7

kz kz

Fig. 2 (Colors online) The red surfaces represents the orbit of a wavevector k = (k
x

, 0, 0)

under the action of the deformed rotations R = D(f)�1 � R � D(f) where f is the function
defined in Eq. (28). Left: k

x

= 0.07. Middle: k
x

= 0.2 Right: k
x

= 0.4

(k0, a,M, M̃) for the right-handed Weyl walks must be of the form

k0(k) = D(g)�1 � L
�

�D(f),

M = ⇤
�

, M̃ = ⇤̃
�

, (23)

where L
�

, ⇤
�

and ⇤̃
�

are the (12 ,
1
2 ), (0,

1
2 ) and (12 , 0) representations of the Lorentz

group, respectively. The only di↵erence in the case of left-handed Weyl walks is
that the representations ⇤

�

and ⇤̃
�

are exchanged. Notice that

D(f) �D(g)�1
= M

f

� n � n�1 �M�1
g

= M
f

�M�1
g

, (24)

where
M

f

(m) = f(n�1(m))m (25)

one has
D(f) �D(g)�1

(m) = h(m)m, (26)

and thus

(D(g0)�1 � L
�

0 �D(f 0)) � (D(g)�1 � L
�

�D(f)) =

(D(g0)�1 � L
�

0 �D(f 0) �D(g)�1 � L�1
�

0 ) � L
�

0 � L
�

�D(f) =

D(g00) � L
�

0�� �D(f)

D(g00) := D(g0)�1 � L
�

0 �D(f 0) �D(g)�1 � L�1
�

0

(27)

It is then su�cient to prove that a function f with the desired properties exists,
otherwise the group of symmetries of the walk would be trivial. We have shown in
Section 2.1 that the Brillouin zone can be split into four regions B

i

(i = 0, . . . , 3)
such that the restriction n

i

(k) of n(k) to B
i

define an analytic di↵eomorphism
between B

i

and the manifold H ⇢ U. Since the following arguments do not depend
on i, in order to lighten the notation, from now on we will drop the subscript i.

Let us consider the solutions of Eq. (18), and define the function g(!, rm) :=
f(!,n�1(rm)), where g is monotonic versus r � 0 for every m 2 H. We notice
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•m=0  
i.Deformed Lorentz group SO(1,3) 
ii.Lorentz transformations are perfectly recovered for k,m≪1 
iii. For k~1: Double Special Relativity (Camelia-Smolin) [Relative locality]2

FIG. 2: The distortion e↵ects of the Lorentz group for the discrete Planck-scale theory represented by the quantum walk in
Eq. (6). Left figure: the orbit of the wavevectors k = (k

x

, 0, 0), with k
x

2 {.05, .2, .5, 1, 1.7} under the rotation around the z
axis. Right figure: the orbit of wavevectors with |k| = 0.01 for various directions in the (k

x

, k
y

) plane under the boosts with �
parallel to k and |�| 2 [0, tanh 4].

The eigenvalues can be collected into two functions !±(k) called
dispersion relations. In this scenario the constants of motions are
k and !±, hence a change of representation corresponds to a map
k 7! k0(k). Now the principle of relativity corresponds to the re-
quirement that the eigenvalue equation (3) is preserved under a
change of representation as follows

n
µ

(k)�µ = �̃�1
k

n
µ

(k0)�µ �
k

, (5)

where �
k

, �̃
k

are invertible matrices.
Eq. (5) translates the relativity principle for the QW evolution:

the dynamics is left invariant by a change of observer.
The simplest example of change of observer is the one given by

the trivial relabeling k0 = k and by the matrices �
k

= �̃
k

= ei�(k),
where �(k) is an arbitrary real function of k. When �(k) is a
linear function we recover the usual group of translations. The set
of changes of representation k 7! k0(k) for which Eq. (5) holds are
a group, which is the largest group of symmetries of the dynamics.

If to the general assumptions defining the quantum walk we just
add that of isotropy, it turns out that there are only two admis-
sible quantum walks [14], which in the small wave-vector regime
give exactly the two Weyl equations for the left and right massless
Fermion. Indeed, with the above assumptions the only possible
lattice is the body centered cubic one, and modulo local unitary
equivalence the two admissible quantum walks are

A±
k := �±(k)I � in±(k) · �±, (6)

where

n

±(k) :=

0

@
s
x

c
y

c
z

± c
x

s
y

s
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s
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z
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1

A ,

�±(k) := (c
x

c
y

c
z

⌥ s
x

s
y

s
z

), (7)

c
↵

:= cos(k
↵

/
p
3), s

↵

:= sin(k
↵

/
p
3), ↵ = x, y, z,

where �+ = � and �� = �T , with T denoting the transposed
matrix. The dispersion relations are given by

n±
µ

(k)nµ±(k) = 0, (8)

and are plotted in Fig. 1.
In the small wave-vector regime k ⇠ k0 = (0, 0, 0) one has

n(k) ⇠ k, recovering the usual relativistic dispersion relation. The
Weyl equations can be also recovered in the neighborhood of the
wavevectors k1 = ⇡

2 (1, 1, 1), k2 = �⇡

2 (1, 1, 1), k3 = �⇡

2 (1, 0, 0).

The mapping between the vectors k
i

exchange chirality of the par-
ticle and double the particles to four species in total. Therefore we
have four di↵erent particles–two left-handed and two right-handed–
namely the discreteness also doubles the particles, which is the well
known phenomenon of Fermion doubling [15]. In the following the
term “small wavevector” will denote the neighborhoods of the vec-
tors k

i

i = 0, . . . 3.
We now show that the group of symmetries of the dynamics of

the quantum walks in Eq. (6) contains a nonlinear representation
of the Poincaré group, which exactly recovers the usual linear one
in the small wave-vector regime. For any arbitrary non vanishing
function f(k) we can introduce the four-vector

p(f) = D(f)(k) := f(k)n(k) (9)

and rewrite the eigenvalue equation (3) as follows

p
(f)
µ

�µ (k) = 0. (10)

Upon denoting the usual Lorentz transformation by L� for a suit-
able f (an example is provided in the supplemental material) the
Brillouin zone splits into four regions B

i

i = 1, . . . , 4 centered
around k

i

i = 0, . . . 3, such that the composition

L(f)
� := D(f)�1L�D(f) (11)

is well defined on each region separately (see Methods). The
four invariant regions corresponding to the four di↵erent massless
Fermionic particles show that the Wigner notion of ”particle” as
invariant of the Poincaré group survives in a discrete world, con-
sistent with a physical interpretation of the Fermion-doubled par-

ticles. For fixed function f the maps L(f)
� provide a non-linear

representation of the Lorentz group [8, 9, 16]. In Figs. 2 and 3
we show the numerical evaluation of some wavevector orbits under
subgroups of the nonlinear Lorentz. The distortion e↵ects due to
underlying discreteness are evident at large wavevectors and boosts.

The relabeling k ! k0(k) = L(f)
� (k) satisfies (5) with �

k

= ⇤� and

�̃
k

= ⇤̃� for the right-handed particles, and �
k

= ⇤̃� and �̃
k

= ⇤�

for the left-handed particles, with ⇤� and ⇤̃� being the (0, 1
2 ) and

( 12 , 0) representation of the Lorentz group, independently on k in
each pertaining region.

For varying f , we obtain a much larger group, including infinitely
many copies of the nonlinear Lorentz one. In the small wave-vector
regime the whole group collapses to the usual linear Lorentz group
for each particle.
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Particle notion without mechanics
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- The Brillouin zone separates into four Poincaré-invariant regions diffeomorphic 
to balls, corresponding to four different particles.

•Mathematical statement:  
irreducible representation of the group of invariance of dynamics (deformed 
Poincaré group). 

•Physical interpretation: particle!

A. Bisio, G. M. D'Ariano, P. Perinotti, 
Phys. Rev. A 94, 042120 (2016)



Internal coherence of the theory

0 2 4 6 8-2-4-6

0

±1

m

!
H(qα, pα, τ,m) =

∑

α

pαq̇α + c2mτ̇ − L

•Mathematical statement: topology of domain of the particle mass is a circle 

•Physical interpretation: proper time is discrete!
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W. A. von Ignatowsky, Verh. Deutsch. Phys. Ges. 12 
(1910), 788–796; Phys. Zeitsch. 11 (1910), 972–976;

Besides, …

see: S. Liberati, Annals of Physics 298, 167–185 (2002)  

Vladimir Ignatowski derived the Lorentz transformations 
from homogeneity, isotropy, reciprocity, … 



Salmon ‘69

Conventionality
Homogeneity, simultaneity, … unfalsifiable principles?

Reichenback ‘57Friedman ‘83

Adolf Grünbaum ‘69

Galileo principle!

Symmetries!

Minimal algorithmic 
complexity of the physical law

Within the same reference frame 
simultaneity is conventional!

Lengths in different places are 
not comparable, and the same is 
true for time intervals

Clock uniformity is only for simplicity of 
description, and the most precise clock 
is the one that simplifies the logical 
coherence fo the theoretical description

To determine simultaneity of distant events we need to 
know a speed, to measure a speed we need to know 

simultaneity of different events ... We can only 
determine the two-way average speed of light ...

I reject conventionality of 
simultaneity one the basis that the 
structure of Minkowski space-time is 
intimately connected to the Einstein 
notion of simultaneity, and a 
different convention would destroy 
the whole construction.

Theory simplicity!
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